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1. Concepts in Factorization Theory

e What objects do we study ?
Some algebraic background and examples

e Definition of arithmetical invariants
which describe the non-uniqueness of factorizations

2. Transfer Principles - The Krull Case

e How are things proved 7

e Arithmetical Finiteness Results for Krull and weakly Krull monoids

3. More Finiteness Results - The Non-Krull Case

e Class semigroups

e C-monoids

4. Zero-sum Sequences and Additive Group Theory

e In the case of Krull monoids with finite class group,
arithmetical invariants can be studied
by methods from additive group theory

CITATIONS: Most of the discussed results can be found in the mono-
graph [18]. For the development of the area and all the contributions
of the various people and research groups we refer to the literature on
the website of the workshop. Here we only mention some early papers
and some most recent papers.



1. CONCEPTS IN FACTORIZATION THEORY

Some algebraic background and examples

Let H be a monoid: that is a (mult. written), commutative semi-
group which has a unit element and satisfies the cancellation laws.

A(H) the set of atoms of H, H* the set of invertible elements,
q(H) a quotient group of H, Hieq = H/H* = {aH* | a € H} the
associated reduced monoid. Clearly, H,qq is isomorphic to the monoid
of principal ideals of H.

An element © € q(H) is called almost integral over H if there
exists some ¢ € H such that cz™ € H for all n € N. The set H of all
elements of q(H) which are almost integral over H is a monoid, is a
monoid again, called the complete integral closure of H, and H is
said to be completely integrally closed if H = H. Furthermore,

f=(H:H):={zxeqH)|zHcC H}

is called the conductor of H.
(Zx(H), -») the monoid of v-invertible v-ideals of H endowed with
v-multiplication.

A monoid F'is called free (abelian, with basis P C F') if every
a € F' has a unique representation in the form

a= Hp"p(“) with vy(a) € Ny and v,(a) =0 for almost all p € P.
peP

In this case, F' is (up to canonical isomorphism) uniquely determined

by P, and conversely P is uniquely determined by F'.
We set F' = F(P) and call

la| = va(a) the length of a .

pEP



The following concepts have a long tradition in algebraic number
theory:

Let ¢: H — D be a monoid homomorphism. It is called

e cofinal if for every a € D there exists some u € H such that
a|e(u).

e a divisor homomorphism if, for all u, v € H,
e(u) | ¢(v) implies that | v,

e a divisor theory (for H) if it is a divisor homomorphism, D is

free, say D = F(P) for some set P, and, for every p € P, there
exists a finite subset ) £ X C H satisfying p = ged (p(X)).

The group

C(p) = Coker(a(y)) = a(D)/a(e(H))

is called the class group of . A submonoid H C D is called
saturated if the embedding H < D is a divisor homomorphism.

Theorem 1.1.
1. A monoid H s called a Krull monoid if it satisfies one of
the following two equivalent conditions:
(a) H s v-noetherian and completely integrally closed

(L.G. Chouinard, 1981).
(b) H has a divisor theory.
(¢) Hieq 5 a saturated submonoid of a free monoid.

2. Suppose that H 1is a Krull monoid. Then the map ¢: H —
T:(H), defined bya— aH foralla € H, is a divisor theory,
and the class group of ¢ is the v-class group C,(H) of H.

3. R is a Krull domain if and only if R® 1s a Krull monoid
(U. Krause, 1989).
In particular, every noetherian integrally closed domain is a
Krull domain.



5

Let R be an integral domain, ,R its integral closure, R its complete
integral closure and K a quotient field of R whence RC R C R C K.

AN

I[f R is noetherian, then R = R, and the conductor (R:R) # {0}
if and only if R is a finitely generated R-module.

Since R is a domain, its multiplicative semigroup R®* = (R\ {0}, )
is a monoid. We study the arithmetic of the domain R by means of
the monoid R°®.

We use all arithmetic notion and all notations defined for monoids
also for domains. For example A(R) = A(R*®), and so on ..

A subset a C R*® is a v-ideal of R* if and only if aU{0} is a divisorial
ideal of R. In particular, C,(R*) =C,(R) and R® is v-noetherian if

and only if R is a Mori domain.

We denote by
e H(R) the monoid of non-zero principal ideals,
o (Z:(R),-,) the monoid of v-invertible divisorial ideals endowed
with v-multiplication,
e (Z*(R),-) the monoid of invertible ideals with usual ideal mul-
tiplication.

The embedding
¢: H(R) - Z%(R)
is a cofinal divisor homomorphism and its class group

C(p) = Pic(R) = a(Z"(R)) /a(H(R))
is the Picard group of R.
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A domain R is a Dedekind domain if and only if one of the
following equivalent conditions is satisfied :

e R is a one-dimensional Krull domain or R = K.

e R is noetherian, integrally closed and every non-zero prime ideal
of R is maximal.

e Fvery non-zero ideal is invertible.

A subring Ry C R is called an order in Rif q(Ry) = K and R
is a finitely generated Ry-module. If Ry is an order in R, then

f={a€ R|aR C Ry} = (Ry:R) = Anng,(R/Ry)
is a non-zero ideal of R, called the conductor of Ry in R.
The following statements are equivalent :

1. R is one-dimensional, noetherian, and the integral closure R of R
is a finitely generated R-module.

2. R is an order in a Dedekind domain.

Therefore,
orders in Dedekind domains
are
one-dimensional Mori domains with non-trivial conductor

If R is a one-dimensional Mori domain, then

(T:(R),) = (T'(R),-)  and C,(R) = Pic(R).



Examples of monoids

1. Algebraic number theory. Let K be an algebraic number
field (that is a finite extension field of Q) and R = Op the ring of
integers of K (that is the integral closure of Z in K. Then R® is
a Krull monoid with finite class group such that every class contains
infinitely many primes. Every subring of Ok with quotient field K is
an order in K. If Ry is an order, then (R*: R;) < 0o, Pic(Ry) is finite
and every class contains infinitely many invertible prime ideals.

Suppose that K is a quadratic number field, that is [K : Q] = 2. Then
K is of the form K = Q(v/d), where d € Z\ {0,1} is squarefree, and
Ok = 7Z + Zw, where
1+2\/&7 if d=1 mod4 and w=+Vd, if d=2or3 mod 4.

For f € N, is

w =

Okr=2+2Zfw=2+ fOg
the unique order of index f in Of. The group O ,/{=£1} is cyclic.

2. Zero-sum sequences over abelian groups. Let G be an
additive abelian group, Gy C G a non-empty subset and F(Gy) the
free monoid with basis GGy. Then

B(Gy)={S=¢g1-...-g1|l €Np,g1,...q9 € Gy with
g1 +...+g =0} C F(Gy)

is the submonoid consisting of sequences with sum zero (block monoid
over (G). The embedding B(Gy) C F(Gy) is a divisor homomorphism
and B(Gy) is a Krull monoid. If |G| # 2, then B(G) C F(G) is
a divisor theory with class group isomorphic to GG, and every class
contains a prime.



3. Monoids of ideals. We have

e H is v-noetherian if and only if (Z*(H), -,) is v-noetherian. If this
holds and (R: R) # (), then H is a Krull monoid.

e H is a Krull monoid if and only if (Z}(H), -,) is a Krull monoid.
If this holds, then Z*(H) is a free monoid.

e R is a Mori domain if and only if (Z}(R),-,) is v-noetherian.
Suppose that R is a Mori domain. Then (Z*,-) is v-noetherian.
If R is noetherian or (R:R) # {0}, then R is a Krull domain.

4. The multiplicative monoid of regular elements of a
Mori ring. A commutative ring is called a Mori ring if it satisfies
the ascending chain condition on regular divisorial ideals [30]. Recall
24] that a commutative ring is called a Marot ring if each regular
ideal of R is generated by regular elements.

Let R be a Marot ring. We denote by 3(R) the set of zerodivisors
of R, and by T the total quotient ring of R. For any subset I C T
we put I* = I\ 3(T). Then R is a Mori ring if and only if R® is a
v-noetherian monoid.

5. Module theory. Let R be a ring and C a class of (right)
R-modules, closed under finite direct sums, direct summands and iso-
morphisms such that C has a set V(C) of representatives (that is, every
A € C is isomorphic to a unique [A] € V(C)). Then V(C) becomes
a commutative semigroup with multiplication [A] - [B] = [A @ B]. If
every A € C has a semilocal endomorphism ring, then V' (C) is a Krull
monoid (see [9]). Among many other cases, this condition is fulfilled if
either R is semilocal (not necessarily commutative) and C is the class
of all finitely generated projective R-modules (see [11]), or if R is com-
mutative local noetherian and C is the class of all finitely generated
R-modules (see [39] and Faccini-Hassler-Klingler-Wiegand [10]).



Sets of factorizations

Definition 1.2.
1. The free monoid Z(H) = F(A(H,eq)), whose basis is the set of

atoms in H,eq, is called the factorization monoid of H. The
homomorphism

g =m:2Z(H) — Hyq, definedby =(z)= H w'e?)
uEA(Hyeq)
is called the factorization homomorphism of H.
2. For a € H, we set
Zp(a)=Z(a) =7 YaH") C Z(H),
and we call the elements z € Z(a) the factorizations of a.

We say that a has wunique factorization if |Z(a)| = 1.

3. The monoid H is said to be
o atomicif |Z(a)] >0 forall a € H.

o factorialif |Z(a)|=1 forall a € H.
e an FF-monoid ( a finite factorization monoid)
if 0<|Z(a)|<oo forall a € H.

Theorem 1.3. Fvery Krull monoid is an FF-monoid.

Proposition 1.4. Let H be an FF-monoiwd, S C H a submonoid
and p: S — Sieq the canonical epimorphism.

1. Suppose that p(cH* N S) is finite for every c € S. Then S is
an FF-monoid.

2. If (H*:5) < 00, then S is an FF-monoid.

3. Suppose that there exists an element f € H such that fH C S.
Then S is an FF-monoid if and only if (H*:5*) < 0.
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Exercise 1.5.
FEvery order in an algebraic number field 1s an FF-domain.

Exercise 1.6. The integral domain
R=R+ XC[X]|={f e CX]| f(0) e R} =R[X,iX] C C[X]

18 a one-dimensional noetherian domain with integral closure
R=C[X], (R:R)+# {0} but R is not an FF-domain
(see [1, Example 4.1] by Anderson-Anderson-Zafrullah, 1990).

Sets of Lengths

Definition 1.7.

1. For a factorization z = uy-...-uy € Z(a), with k € Ny and atoms
uy, ... u,, we call |z| =k the length of z . The set

Li(a) =L(a) ={|z| | z€Z(a)} C Ny
is called the set of lengths of a, and the set
L(H) = {L(a) | a € H}
is called the system of sets of lengths of H.

2. Clearly, the monoid H is

e atomic if |L(a)| >0 forall a € H.
Furthermore, the monoid H is said to be

e half-factorial if |L(a)|=1 forall a € H.

e a BF-monoid (a bounded factorization monoid)
if 0<|L(a)l<oo forall a€ H.
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Clearly, L(a) = {0} ifandonlyif a € H* and L(a) = {1} if
and only if a is an atom. Every every FF-monoid is a BF-monoid

and every factorial monoid is half-factorial.
Half-factoriality found a lot of attention: David F. Anderson, Chap-

man, Coykendall, Smith et. al.

Theorem 1.8.

1. (Carlitz 1961) Oy 1is half-factorial if and only if |C(Ok)| < 2.

2. (Halter-Koch 1983) The following statements are equivalent:
(a) Ok s ts half-factorial.
(b) Ok s half-factorial, Ox = Ok ;OF, and f s either a

prime or twice an odd prime.

There is no generalization to general orders (for the local case
see [27])

3. (Claborn) FEvery abelian group is (isomorphic to) the class
group of a Dedekind domain.
Conjecture: Every abelian group is the class group of a half-
factorial Dedekind domain (see [17]).

Exercise 1.9. Suppose that H s atomic but not half-factorial.
Then for every N € N there exists some ¢ € H such that

IL(c)| > N +1.
Proof. If a=wuy-...-up,=wv;-... v with k£ <[, then
c=a" =(uy-...-up)’(vr-...-v)V" forall velo,N]
whence {vk+I(N —v)|v € [0,N]} C L(c). O

Theorem 1.10. Every v-noetherian monoid 1s a BF-monotd.



12

Definition 1.11.
1. For a non-empty subset L C N, we call

p(L) = sup{% ‘ m,n € L} = iiii € Q>1 U{oo}
the elasticity of L, and we set p({0}) = 1.
2. Let H be atomic. For a € H, we call p(a) = p(L(a)) the elas-
ticity of a and
p(H) = sup{p(a) | a € H} = sup{p(L) | L € L(H)} € R>, U {00}
the elasticity of H.
3. For ke N, weset pp(H)=Fk if H=H*, and

pp(H) =sup{supL | L € L(H), min L <k} € NU{oco}, if H#H*.

Proposition 1.12. Let H be atomic and H # H*.

1. For all k,1 € N we have k < pp(H) < kp(H) and
pr(H) + pi(H) < pr+(H).
2. For every k € N we have
pe(H)=sup{sup L | L € L(H), k € L}
>sup{supL | L € L(H), k=min L},

and equality holds, if either p.(H) < oo or if H contains a
prime element.

3. We have

p(H)ZSUP{pk(kH) ‘ kEN}Zkli_g)lopksﬁH)

)
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Definition 1.13. Let () 4 L C Z be a non-empty subset.

1. A positive integer d € N is called a distance of L if there exists
some [ € L such that LN [l,l +d] = {l,l + d}. We denote by
A(L) the set of all distances of L.

Note that A(L) = ) if and only if |L| = 1.

2. Liscalled an arithmetical progression (with difference d € N)
if A(L) C {d}. In particular, if |L| = 1, then L is an arithmetical
progression with difference d for every d € N.

3. For a system L of non-empty subsets of Z we call

AL) = U A(L) € N the set of distances of L.
Lel

4. We call

the set of distances of H .

Clearly,

H  is half-factorial if and only if A(H) =0,
and |A(H)| = 1 if and only if all sets of lengths are arithmetical
progressions with the same difference.

Lemma 1.14. If H s atomic and A(H) s finite, then
min A(H) = gcd A(H).
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Theorem 1.15. Suppose that H s a Krull monoid with finite
class group. Then A(H) is finite, p(H) < oo and pp(H) < oo for
all k€ N.

Proposition 1.16.

1. Every order R of an algebraic number field has a finite set
of distances A(R).

2. Let R=Z[v/—T7). Then ps(R) = p(R) = oo.

Theorem 1.17 (Kainrath, 2005, [26]).

1. For a finitely generated domain R the following statements
are equivalent:

(a) C(R) and R/R are both finite and the natural map
spec(R) — spec(R) is injective.

(b) p(R) < 0.

(¢) pr(R) < oo for all k € N,

2. Suppose that R s a finitely generated k-algebra for some
infinite perfect field k. Let k denote the algebraic closure of
k in R and f=(R:R).

Then the following statements are equivalent:
(a) C(R) is finite and R =k + f.

(b) p(R) < 0.

(¢) pr(R) < oo for all k € N,

If p(R) < oo, then p(R) = p(R).
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Almost arithmetical multiprogressions

Definition 1.18. Let d € N, [, M € Ny and {0,d} C D C [0,d].
A subset L C 7Z is called an

e arithmetical multiprogression (AMP for short) with difference
d, period D and length [, if L is an interval of min L+ D+ dZ
(in part., L # ), and [ is maximal such that min L 4 Id € L.

e almost arithmetical multiprogression (AAMP for short) with
difference d, period D, length [ and bound M, if

L=y+(LUL*UL") C y+D+dZ

where L* is an AMP with difference d (whence L* # (),
period D and length [ such that min L* =0, L' C [-M, —1],
L" C max L*+[1, M] and y € Z.

We call y + L' the initial part, y + L* the central part and
y + L"” the end part of L.

e almost arithmetical progression (AAP for short) with dif-
ference d, bound M and length [, if it is an AAMP with
difference d, period {0,d}, bound M and length [.

Note that
e AMPs, AAMPs and AAPs are finite non-empty subsets of 7Z,
e The definition of an AAMP is shift invariant
e I*=(D+dZ) N [0,maxL*].
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Theorem 1.19.

Let H be a Krull monoid with finite class group G. Then there
exist M € Ny and a finite set A*(G) C A(H) (A*(G) will be defined
on Friday) such that the following holds: every L € L(H) is an
AAMP with difference d € A* and bound M.

Theorem 1.20 (W.A. Schmid, 2007, [38]).

Let M € Ny and A* C N be a finite non-empty set. Then there
exists a Krull monoid H with finite class group such that the fol-
lowing holds: for every AAMP L with difference d € A* and
bound M there is some yg 1 € N such that

y+LeL(H) foradl y>yur.

Indeed, there exists an algebraic number field such that its ring of
integers has this property.

Theorem 1.21 (F. Kainrath, 1999, [25]).
Suppose that H is a Krull monoid with infinite class group

such that every class contains a prime. Then for every finite set
L C N>y thereis an a € H such that L(a) = L.

The assumption that every class contains a prime is indispensable
(recall, that it is conjectured that for given G there is a half-factorial
Dedekind domain with class group G).

Suppose that not every class contains a prime: see Chapman-David
Anderson-Smith [3] , Hassler [22]
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Distance of factorizations and catenary degree

Definition 1.22.
1. Let 2z, 2/ € Z(H), say

=AU ..UV ..Uy and 2 =wg e wwy .. wy,
where [, m, n € Ny, U1, ..., U, U1, ..., 0, Wi,..., W, € A(Hyeq)
and

{v1,.. ;o 0wy, . w, =0
Then we call d(z,2') = max{m, n} € Ny the distance of z
and 2.

2. Let z, 2 € Z(H) and N € Ny U {oo}. We say that z and 2’/
can be concatenated by an N-chain if there exists a finite
sequence of factorizations z = zy,21,...,2; = 2" in Z(a) such
that d(z;_1,2;) < N forall i € [1, k].

3. For an element a € H, we define its catenary degree c(a) to be
the smallest N € Ny U {oo} such that any two factorizations of
a can be concatenated by an /N-chain, and we call

c(H) =sup{c(a) |a € H} € NgU{oo} the catenary degree of H.

The catenary degree c(a) measures how complex the set of factor-
izations of a is. Note that by definition we have either c(a) =0 or
c(a) > 2.
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Exercise 1.23. The distance function d: Z(H)xZ(H) — Ny is a
metric satisfying d(xz, z2') =d(z, 2') for all x, z, 2’ € Z(H).

Exercise 1.24. If H s atomic but not factorial, then for every
k € N there exists some a € H such that |Z(a)| > k+1, and there
exist factorizations z, 2" € Z(a) such that d(z,z2") > 2k.

Exercise 1.25. Let H be atomic and a € H.
1. c(a) <supl(a), and c(a) =0 if and only if |Z(a)| =1.
2. If z,2' €Z(a) and z # 2, then 2+ ||z| — |2']| < d(z,7)).
3. If |Z(a)| > 2, then 2+ sup A(L(a)) < c(a).
4. If c(a) <2, then |L(a)| =1, and if c(a) < 3, then L(a) is
an arithmetical progression with difference 1.

Exercise 1.26. Suppose that H 1is atomic.
1. H s factorial if and only if c(H) = 0.
2. If H 1is not factorial, then 24+sup A(H) < c(H). In particular,
if ¢(H) < oo, then A(H) is finite.
3. If ¢(H)=2, then H is half-factorial.
4. If c(H) =3, then every L € L(H) is an arithmetical progres-
ston with difference 1.

Example 1.27. There is a half-factorial Dedekind domain R with
infinite catenary degree c(R).
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The omega invariants and the tame degrees

Definition 1.28. Suppose that H is atomic.

1. For a,b € H let w(a,b) denote the smallest N € Ny U {occ}
with the following property :

Foralln € Nand ay,...,a, € H,ifa=ay,-...-a, and b|a,
then there exists a subset 2 C [1,n] such that |Q2] < NV and
b a, .
veQ

In particular, if b1 a, then w(a,b) = 0. For b € H we define
w(H,b) = sup {w(a,b)|a € H} € NyU {oco}.

By definition, b € H is a prime if and only if w(H, b) = 1.

2. For k € Nand b € H we set
7e(H,b) =sup { minL(b"'a) [a =w; - ... - u; € bH with j € [0, k],

up, ..., u; € A(H) and bt u;'a for all i € [1,4]} € NgU {oo}

and
7(H,b) = sup{7,(H,b) | k € N} € NyU {o0}.

3.Fora € H and x € Z(H) let t(a,x) € Ny U {00} denote the
smallest N € Ny U {oo} with the following property :
If Z(a) NzZ(H) # () and z € Z(a), then there exists
2 € Z(a) NxZ(H) such that d(z,2") < N.
For subsets H' C H and X C Z(H), we define
t(H', X) =sup{t(a,z)|a € H ,z € X} € NyU {o0}.

H is called locally tame if t(H,u) < oo for all u € A(Hyeq)
(equivalently, t(H,z(c)) < oo for all ¢ € H).
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Exercise 1.29. If H s atomic and w(H,b) < oo forall be H,
then H 1s a BF-monoud.

Proposition 1.30. Suppose that H is atomic and u € A(H).
If u s prime, then
(t(H,uH*),w(H,u), 7 (H,u)) = (0,1,0), and otherwise

t(H,uH*) = max{w(H,u),1 + 7(H,u)} € N>y U {cc}.

In particular, H is locally tame if and only if w(H,v) < oo and
T(H,v) < oo forall ve A(H).

Theorem 1.31 (G-+Hassler, 2007, [20]).
If H is v-noetherian, then w(H,b) < oo for all b€ H.

Theorem 1.32. Suppose that H s a Krull monoid with finite

class group. Then H s locally tame and has finite catenary
degree c(H).

Theorem 1.33. Suppose that H is a Krull monoid with class
group G such that every class contains a prime.
Then the following statements are equivalent:

1. G is finite,
2. H 1is locally tame.
3.t(H,u) < oo for some u € A(Hyq) that is not prime.
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2. TRANSFER PRINCIPLES - THE KRULL CASE

The general idea

Definition 2.1. A monoid homomorphism 6#: H — B is called a
transfer homomorphism if it has the following properties:

(T1) B=0(H)B* and 6 (B*) = H*.
(T2) Ifue H, b, c€ B and 0(u) = be, then there exist v, w € H
such that u = vw, 6(v) ~b and O(w) ~ c.

STRATEGY

e Study the arithmetic in B

e Shift the arithmetical results from B back to H.

Transfer homomorphisms have nice properties:

e 0: H — D is a transfer homomorphism if and only if
Ored: Hieqa — Bhreq 18 a transfer homomorphism.

e Compositions of transfer homomorphisms are
transfer homomorphisms.
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Proposition 2.2. Let 0: H — B be a transfer homomorphism

and u € H.
I.LIf neN, by,...,b, € Band 6(u) >~ by-...-b,, then there
exist uy, ..., u, € H such that u ~uy ... -u, and 6(u,) ~b,

for all v e [1,n].
2. u 1is an atom of H if and only if O(u) is an atom of B.
3. There is a unique homomorphism 0: Z(H) — Z(B) satisfying

O(uH™) = 0(u)B* for all uwe A(H).

0 1s surjective and induces the commutative diagram

Z(H) -2 7(B)

WHl lw

ered
Hred — Bred .

Moreover it has the following additional properties:
(a) If =z, 2/ € Z(H), then |0(z)| = |z| and d(6(z), 6(z')) <
d(z,2').

(b) 0(Zi(u)) = Zp(0(u)) and Lp(u) = Lp(0(u)).
(c) If z € Z(u) and y € Z(0(u)), then there exists some y €
Z(u) such that O(y) =7, 0(ged(z,y)) = ged(0(2), y) and
d(za y) - d(e(z)v y)
4. H 1s atomic if and only of B s atomic.
5. If H 1is atomic, then L(H) = L(B), p(H) = p(B), H has
accepted elasticity if and only if B has accepted elasticity, and
H is a BF-monoid if and only +«f B s a BF-monoud.
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Definition 2.3. Let #: H — B be a transfer homomorphism of
atomic monoids and §: Z(H) — Z(B) the unique homomorphism sat-
isfying O(uH>) = O(u) B> for allu € A(H). We call @ the extension
of 6 to the factorization monoids.

1. (Catenary degree in the fibres) For a € H, we denote by c(a, 6)
the smallest N € Ny U {oo} with the following property:

If 2, 2/ € Zp(a) and 0(z) = 0(2'), then there exist some k €
Ny and factorizations z = 2g,..., 2, = 2/ € Zy(a) such that
0(z) = 0(z) and d(zi_1,2) < N for all i € [1,k] (that
is, z and 2’ can be concatenated by an N-chain in the fiber
__1 —
Zy(a)Ng (0(2))).
We define
c(H,0) =sup{c(a,0) |a € H} € NyU {o0}.

2. (Tame degree in the fibres) For a € H and x € Z(H ), we denote
by t(a,z,0) the smallest N € Ny U {oo} with the following
property:

If Z(a)NaZ(H)#0, z € Z(a) and 0(z) € 0(2)Z(B),
there exists some 2’ € Z(a) N xZ(H) such that 0(2') =
and d(z,2) < N.
We define
t(H,x,0) =sup{t(a,z,0) |a € H} € NyU {o0}.

t_n
0(z)
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Theorem 2.4. Let 0: H — B be a transfer homomorphism of
atomic monoids and 0: Z(H) — Z(B) its extension to the factor-
1zation monoids.

1. If a € H and x € Z(H), then either t(a,x) =0 or
t(6(a),0(z)) < t(a,z) <t(6(a),0(x)) + t(a,z,0).
In particular, if u € A(Hyeq), then
t(B,0(u)) <t(H,u) <t(B,0(u)) +t(H,u,0).

2.t(B) <t(H), and if H is locally tame, then so is B.

3. If B is locally tame and t(H,u,0) < oo for all u € A(Hyed),
then H 1s locally tame.

4. If a € H, then c(f(a)) < c(a) < max{c(f(a)), c(a,0)}.
5.¢(B) < c(H) < max{c(B),c(H,0)}.
Chains can be lifted
1. Let z, 2" € Z(0(a)), k € NO and 29, 21,...,2x € Z(a) such
that 9(,2 )_: Z and 0(z,) = 7. Then 0(z),...,0(z) € Z(0(a)),
( (zi-1),0(2) ) < d(zi_1,2;) foralli € [1, k] and in particular

c(0(a)) < c(a)

2. Let z, 2/ € Z( ), k € Ny and Zy, Z1,...2r € Z(0(a)) such
that 0(z) = zy and 0(%') = Z;. Then there exists some m > k
and there exist factorizations z = 2y, 21, ..., Zky Zhtly -y 2m =
2 € Z(a) such that

0(z) =%, d(zi_1,2)=dZi_1,%) forall ic][l,K]
and
0(z)) =z, d(zj_1,2)) <cla,0) forall je[k+1,m].
In particular, c(a) < max{c(f(a)),c(a,6)}.
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Monoid of zero-sum sequences

Let G be an additive abelian group and () # Gy C G a non-empty
subset.

Definition 2.5.
1. Let F(Gy) be the free (multiplicative) monoid with basis Gy. The
elements of F(Gy) are called sequences over Gy. We write
sequences S € F((GY) in the form

§ — Hg"g(s):gl-...-ggef(GO)a

g€Gy
where v,(S) € Ny and v,(S) = 0 for almost all g € G.

The term sequences stems from Combinatorial /Additive Num-
ber Theory (for a survey see [14], and for applications to geometry
see [7, 6]).

Transfer Principles transport
"arithmetical problems” to ”zero- sum problems”

A paper by Erdos-Ginzburg-Ziv ([8], 1961) is considered as a
starting paper in the zero-sum area.

We call v,(S) the multiplicity of g in S, and we say that S
contains g, if vy(S) > 0. Siscalled squarefree (in F(G)) if
vy(S) < 1forall g € G. The unit element 1 € F(G) is called the
empty sequence. A sequence Sy is called a subsequence of S if
S1|S in F(G) (equivalently, v,(S1) < v,(S) forall g € G),
and it is called a proper subsequence of S if it is a subsequence

withl#Sl#S.
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2. We call
S| =1= Z vg(S) € Ny the length of S,

g€Gy
supp(S) = {g € G|vy(S)>0}CG  the support of S,

Zg@—z S)g e G the sum of S

geiG
and

) ={Sa|o£1cnn}={om |15, T+1}

el
the set of subsums of S .

By definition, ¥(S) C G consists of all sums of all non-empty
subsequences of S. A sequence S is called a zero-sumfree se-
quence if 0 ¢ X(.5).

3. We denote by B(Gy) = {S € F(Gy) | o(S) = 0} the monoid
of zero-sum sequences ( block monoid) over G. The elements
of B(Gy) are called zero-sum sequences, and the atoms of B(Gy)
are called minimal zero-sum sequences. We denote by A(Gy)

the set of all minimal zero-sum sequences.
4. We define the Davenport constant of G by

D(Go) =sup{|U| | U € A(Gp)} € NyU {0}
and we define the [little Davenport constant d(Gy) as
d(Go) =sup{|S| | S € F(Gy) is zero-sumfree } € NyU {oo}.
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Proposition 2.6 (Structure of block monoids). Let G be an additive
abelian group and Gy C G a non-empty subset.

L.

3.

4.

B(Gy) = B(G)NF(Gy) is a divisor-closed submonoid of B(G)
and a saturated submonoid of F(Gy). In particular, B(Gy) is
a reduced Krull monoid.

.B(Gy) C F(Gy) is a divisor theory if and only if (Gy) =

[Go\ {g}] for every g € G

If H C B(Gy) is a divisor-closed submonoid, then H = B(G1)
for some subset G1 C Gy.

If |G| # 2, then F(G) is a monoid of divisors for B(G),
C(B(G)) = G, and every divisor class of B(G) contains ex-

actly one prime divisor.

f Gl =2, G ={0.9}, then B(G) = F({0,g%}) = N3
. B(G) is factorial if and only if |G| < 2.

Theorem 2.7. Let G be an additive abelian group and Gy C G.

L.

Let Gy be finite. Then B(Gy) is a reduced finitely generated
Krull monoid. In particular, A(Gy) s finite, D(Gy) < oo,
D(Go) <1+ d(Go) and D(G) =1+ d(G)

f r(G) < oo and D(Gy) < oo, then there exists a finite

subset Gy C Gy such that B(G1) = B(Gy).

f G =[Gy], then the following statements are equivalent:

(a) Gy is finite.
(b) r*(G) < o0 and D(Gy) < .
(c) B(Gy) is finitely generated.
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Krull monoids

Let H be a reduced Krull monoid, F' = F(P) a free monoid such that
H C F is a saturated and cofinal submonoid, and G = q(F)/q(H).

Let Gp = {[p] = pa(H) | p € P} C G be the set of all classes
containing primes and D(Gp) the Davenport constant of Gp.

Consider the following diagram

where B is defined as follows

lfa=p ... -p € F,then Bla) = [p1]-...-[p] =gn-... g =
S e F(Gp).

B: F — F(Gp) is called the class homomorphism and
B=p|H: H— B(Gp) the block homomorphism of H C F.

NOTATION

For every arithmetical invariant *(H) defined for a monoid H,
we write *((Gp) instead of *(B(Gj)).

For example, we set

A(Go) = A(B(Go)),

L(Go) = L(B(Go)),

A(Go) = A(B(Go))

and so on
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Theorem 2.8. _

The block homomorphism B =8| H: H— B(Gp) 1is a transfer
homomorphism

(W. Narkiewicz, 1979, [31])

In particular, we have:

~

e a €c H <+  p(a) € B(Gp) (that is, the sequence of
classes is a zero-sum sequence)

~

e a is an atom of H <~ B(a) is a minimal zero-sum
sequence

o D(Gp) is the supremum of all k € NoU{oo} with the following
property :
There exists an atom uw € A(H) such that u is a product
of k primes in F.

Historical Remark: H. Davenport 1966: D(G) is the maximal
number of prime ideals occurring in the prime ideal decomposition
of an irreducible element.

This was observed by K. Rogers in a paper [35] published in 1963.

e S 1s zero-sumfree if and only if a is not diwnsible by an
element of H\ H*.
In particular, d(Gp) is the supremum of all k € Ny U {o0}
with the following property:
There are primes p1,...,pr € P such that their product
pLe...-pr 18 not divisible by any element of H \ H*.
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Theorem 2.9. Let H be a reduced Krull monoid, F' = F(P) a free
monoid such that H C F' is a saturated and cofinal submonoid, and
G =q(F)/q(H). Let Gp C G be the set of all classes containing

primes and D = D(Gp). Let B: F — F(Gp) be the class homo-
morphism and B = B |H: H — B(Gp) the block homomorphism
of HCF.

~ ~—1

1. H is an FF-monoid, B(H)=B(Gp), B (B(Gp)) = H, and

B s a transfer homomorphism with the following properties:
o c(H,pB)<2.
e c(B(a)) <cla) <max{c(B(a)),2} foralla € H.
o t(H,u,B8) <D+1 foralue A(H).

2. There exists a unique homomorphism B: Z(H) — Z(B(Gp))
such that B(u) = B(u) for all uwe A(H). For everya € H
we have B(Z(a)) = Z(B(a)), |B(z)| = |z| for all z € Z(a), and
if B(a) is squarefree in F(G), then |Z(a)| = |Z(B(a)|.

3. L(H) = L(Gp). In particular, A(H) = A(Gp), pir(H) =
pi(Gp) for all k € N, and p(H) = p(Gp).

4. If k€ N and D > 2, then

kD

pe(H) < kp(H) < s where d = min{|u|p | v € A(H), wnot prime} .

If Gp = —Gp, D > 2 and k 1is even, then d = 2 and
2pi(H) = kD.
5.¢(Gp) < c(H) <max{c(Gp), 2} and c(H) <D.
6. If we A(H) and U = B(u), then
t(Gp,U) <t(H,u) <t(Gp,U)+D+1,
and if d = |u|p = |U|, then
3+(d—21)(D—1)} < 1+d(D2_ 1).

t(H,u) < max{t(Gp, U),
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In particular, t(Gp) <t(H) <t(Gp)+ D, and
—1)2 _
() < max{t(Gp), 3+<D2 b = ”M‘

If Gp= —Gp and H is not factorial, then t(H) > D.

Summary .

e The elasticities pi(H) and p(H), the set of distances A(H),
the catenary degree c(H) and the local tame degrees t(H,u)
are bounded above by a rational expression in D(Gp).

o If Gp isfinite, then B(Gp) is finitely generated and D(Gp) is
finite.

o If (Gp is finite, then it suffices to prove the Structure Theorem

for Sets of Lengths for B(Gp), that is for a finitely generated
monoid.

e OPEN PROBLEM: Suppose that D(Gp) is finite:
Does the Structure Theorem for Sets of Lengths hold for H ?
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Summary for the special case Gp = G finite with |G| > 3.

e All invariants dealing with lengths of factorizationsin H coincide
with the corresponding invariants in B(G):

LH) = L(G).

In particular, we have:

oe(H) = pi(G), p(H) = p(G) and A(H) = AG).

e The catenary degrees coincide:

c(H) = ¢(G).

e Unfortunately, the tame degrees do not coincide:
D(G) <t(G) < t(H)
and, in general, we have inequality holds, that is t(G) < t(H) .

All what is known up to now is the following

Theorem 2.10. Let H be a Krull monoid with class group
G = C3%*° for some s € N, and suppose that every class contains
a prime. Then

t(G)=t(H) =1+ 2s*.
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Weakly Krull domains

Weakly Krull domains were introduced by Anderson-Mott-Zafrullah
in 1992 (see [2]). We restrict to the v-noetherian case.

Definition 2.11. R is called a weakly Krull domain if R is a Mori
domain and v-max(R) = X(R).

Every Krull domain which is not a field is weakly Krull, every one-
dimensional Mori domain is weakly Krull, and in particular orders in
algebraic number fields are weakly Krull domains.

STRATEGY
e We have
R = (] Ry
pEX(R)

e Study the arithmetic of the localizations R,

e Show that
R = Z(R) 5 [ (R
peX(R)

is a divisor homomorphism.

e Shift the arithmetical results from Z*(R) back to R.
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Definition 2.12 (Primary monoids).

1. An element ¢ € H is called primary if ¢ ¢ H* and, for all
a, b€ H, if g|ab and ¢q 1 a, then ¢ |b" for some n € N.

2. His called primary if m = H\ H* # () and one of the following
equivalent statements are satisfied :
(a) s-spec(H) = {0, H \ H*}.
(b) Every ¢ € m is primary.
(c) For all a, b € m there exists some n € N such that a|b".

Lemma 2.13. R® is primary if and only if R is one-dimensional
and local.

Definition 2.14 (Numerical monoids). By a numerical monoid S
we mean an additive submonoid of Ny for which Ny \ S is finite. For
a numerical monoid S, we call ¢(S) = max(Ny \ 5) its Frobenius
number and n(S) = |(Ng \ 5)| its gap number.

Definition 2.15 (Finitely primary monoids). H is called finitely
primary if there exist s, a € N with the following properties :

H is a submonoid of a factorial monoid F' = F*X|[py, ..., ps| with
s pairwise non-associated prime elements pq, ..., ps satisfying

H\H " Cpy-...-psF and (p1-...-ps)*F CH.

If this is the case, then we say that H is finitely primary of rank
s and exponent «.

Clearly, numerical monoids are finitely primary of rank 1.
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Theorem 2.16. Let s, a € N.

1. Let H be finitely primary, and let F' = F* X [py,...,ps| be a
factorial monoid with pairwise non-associated prime elements
D1, ..., Ps sSuch that H C F' is a submonoid satisfying

H\H* " Cpy-...-psF and (p1-...-ps)*F C H.

Then F* N H = H*, supp(z) = {p1,...,ps} for all z €
H\ H*, and F = H. In particular, F is uniquely determined
by H.

2. H s _finitely primary of rank s if and only if H is primary,
(H:H) # 0 and Hy.q = Nj.

3. H 1s finitely primary of rank s and exponent o if and only if
H.oq 1s finitely primary of rank s and exponent «.

4. Let H be finitely primary. Then H s strongly primary and
thus it is a BF-monoid. H is an FF-monoid if and only if
(H*:H*) < 0.

5. Let H be finitely primary of rank s. Then Hyeq is finitely
generated if and only if s=1 and (H*:H*) < 00,

Exercise 2.17. Let R be a one-dimensional local noetherian
domain such that its integral closure R 1is a finitely generated R-
module. Then R® 1s finitely primary.

More generally, we have

Theorem 2.18. If R is a one-dimensional local Mori domain such

that (R:E) +# {0}, then R® is finitely primary.
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Exercise 2.19. Let
H=(NxNU{(0,0)},+) C (Nj,+).

e H s finitely primary of rank 2 and exponent 1.

o lfx € H\ {A(H)U{0}), then minlL(x) = 2 and hence

o c(H) = 3, whence A(H) = {1} and all sets of lengths are
arithmetical progressions with difference 1.
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Theorem 2.20.
1. Let H be strongly primary (say v-noetherian and primary).

(a) Suppose that one of the following conditions is satisfied:
e sup{minl(c)|ce H} < o0.
o There is some w € H \ H* such that pp.,)(H) < oo.
Then H 1is locally tame.

(b) If H s locally tame, then H has finite catenary degree
c(H) and a finite set of distances A(H).

(c) If H is locally tame, then there exists M € N such that,
for every a € H, the set of lengths L(a) has the form
Lia)=y+ (L'U{vd|ve[0,]} UL") C y+dZ,

where d = min A(H), | € Ny, L' C [-M,—1] and L" C
ld+ 1, M].

2. Let H be finitely primary of rank s and exponent oc. Then H
15 locally tame, and we have:
(a) If s=1, then p(H) <2a—1 and c(H) <t(H) <3a-—1.
(b) If s > 2, then minL(a) < 2a for alla € H, p(H) =
t(H) = o0, and c(H) < 2a + 1.
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OPEN PROBLEMS

e There are v-noetherian, primary monoids which are not locally

tame (see [21]), but we conjecture that this cannot happen for
Mori domains. That is,

all one-dimensional local Mori domains should be locally tame
The case where (R: R) = {0} and R is not noetherian is open

Is the structure theorem for sets of lengths sharp 77
We have at least the following weak result (see [21]) (what can be
done in numerical monoids?)

Theorem 2.21. Let L C Nsy be a finite set. Then, for all
sufficiently large s € N, there exist a primary C-monoid H
defined in (N3, +) with H = N* U {0} and H = N}, and an
element a € H such that L(a) = L.

Suppose that R is the localization of an order in an algebraic
number field (not a DVR).
Find more precise results on its arithmetic.

Do we have min A(R) =1 777

S = [dy,...,d,] a numerical monoid with 1 < dy... < d, a
ged(dy, ..., d;). Then p(S) < 2¢(S)+1 and c(5) < t(9)
39(S) + 2. Here we prove more precisely that
d, S) +d,
o9) =L yg) < S0 T

a0 =T
and if r = 2, then
c(S)=t(S)=dy and A(S)={dy—di}.

|/\5
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Definition 2.22. Let G be an additive abelian group, Gy C G a
subset, T"a monoid and ¢: T" — G a homomorphism. Let o: F(Gy) —
GG be the unique homomorphism satisfying o(g) = ¢ for all g € Gy.
Then we call

B(Go,T,L) = {St Ef(G())XT | O(S)+L<t) :O}

the T-block monoid over Gy defined by . If T = {1}, then
B(Gy,T,1) = B(Gy) is the block monoid of all zero-sum sequences
over (3.

Proposition 2.23. Let D be an atomic monoid, P C D a set of
primes and T C D a submonoid such that D = F(P)xT. Let
H C D be a saturated submonoid, G = q(D/H),

Gp={lplpju|pre P} CG and G, ={[ulp/m|uveAD)} CG.
Let v: T — G be defined by (t) = [t|p/y, F = F(Gp)xT, B =
B(Gp,T,.) C F, and let B: D — F be the unique homomorphism

~

satisfying B(p) = [plp/u for all p € P and A3 | T =idy.

1. B is a transfer homomorphism. For a € D we have B(a) €B
of and only if a € H.

2.8 = B |H: H — B is a transfer homomorphism. If H is
atomic, then c(H,B) < 2 and t(H,u,B) < max{D(Gp) +
1,D(Gy)} for all uw € A(H).

3. B C F 1is a saturated submonoid, and there is a homomor-
phism

~

V: F/B— G, gienby ¥([B(c)rp)=Icpm forall ceD.

If H C D is cofinal, then B C F is also cofinal and 1) is an
1somorphism.
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Theorem 2.24. Let R be a weakly Krull domain, K = q(R), f=

(R:R) £ {0}, P={pecX(R)|p2f}, P ={pcXR)|p>Dfl,
Gp={p] €C,(R) |p € P} and

I'= H (Fp®)red -

peP*

For p € P*, let s, be the number of prime ideals p € %(E) satisfy-
mgpNR="p.
1. P* is finite, for eachp € P* the monoid R,* is finitely primary
of rank sy, and there are (natural) isomorphisms

Y

Zy(R) 5 ] (Bp*)ea = F(P)XT.
peX(R)
The diagonal embedding induces a cofinal divisor homomor-
phism

~Y

¢: R® — H (R )rea — F(P)XI', and we set H = @(R*).
peX(R)

Then H C F(P)xT is saturated and cofinal, H = (R*)yed,
and

Co(R) = C(p) = (F(P)xT)/H .

We identify these groups
(whence [c], € Cy(R) for all c € F(P)xT).
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We denote by B(R) C F(Gp)xT the block monoid and by
Br: R®* — B(R) the block homomorphism of R.

Then B(R) C F(Gp)xT is saturated and cofinal, there is a
(natural) isomorphism F(Gp)xT/B(R) = C,(R), Bp is a

transfer homomorphism, and

Brla) = (H[p]“”(“)) (aR) )pep+ € F(Gp)xT forall a€ R".
peP

If exp(Cy(R)) < oo, then B(R) C F(Gp)xT s faithfully
saturated.

2.¢(Z;(R)) < oo, Z:(R) is locally tame, and I;(R) is tame if
and only if s, =1 for all p € P*.

3. If C,(R) s finite, then c(R) < oo, A(R) is finite, R is
locally tame, and the following statements are equivalent:
(a) R is tame.
(b) p(R) < .
(c) For every a € R*\ R*, the set {minL(a") | n € N} is

infinite.

(d) sy =1 for all p € P*.
Exercise 2.25. Apply the above theorem to Z[v/—T|.

Theorem 2.26. If R is an order in a quadratic number field,
then c(Z;(R)) <5.
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3. MORE FINITENESS RESULTS - THE NON-KRULL CASE

Class semigroups

Motivation: Let R be the ring of integers of an algebraic number field.
Let D be the monoid of non-zero ideals and H the monoid of non-zero
principal ideals.
Two non-zero ideals I, I' < R are called equivalent if, for all non-zero
ideals J < R we have

IJ is a principal ideal if and only if I'J is a principal ideal .
Clearly, this defines a congruence relation on D.

Since H C D is saturated, the set of congruence classes coincides
with the usual ideal class group.

Definition 3.1.
Let D be a monoid and H C D a submonoid.
Two elements y, iy’ € D are called H -equivalent if

v 'HND=y 'HND
that is, for all @ € D we have
ya € H if and only if y'a € H.

Clearly, H-equivalence defines a congruence relation on D.

For yy € D we denote by [y]5 the congruence class of y.

We define the class semigroup
C(H,D)=A{[yly | y € D} and C*(H, D) = {[yly | y € (D\D*)U{1}}

and is called the reduced class semaigroup.
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Exercise 3.2.
Let D be a monoid and H C D a cofinal submonoid.

1. There are epimorphisms
9: C(H, D) — q(D)/a(H) and 6°: C*(H, D) — a(D)/D*q(H),
given by
0([ylg) = [vlp/u = ya(H)  forall ye D,
and
0" (i) = Wlp/p<ir for all y e (D\ D*)U{1}.
2. 1]y c H C[l]lpygND.
3. The following statements are equivalent:
(a) H C D 1s saturated.
(

b) [yl = [ylp/u N D for ally € D.

9 1= 1o

(@) 12

(e) The epzmorphzsm 0:C(H,D) — q(D)/q(H) defined in 1.

1S an zsomorphzsm

Exercise 3.3. Let H C D be a submonoid.
1. If C*(H,D) s a group, then C(H,D) is a group and either
D =D* or C(H,D)=C*H,D).
2. If C(H, D) is a group, then H C D is cofinal, and if C(H, D)
15 a torsion group, then H C D 1s also saturated.

BE CAREFUL there are simple examples where
q(D)/q(H)=0  BUT  C(H,D) is infinite.
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PHILOSOPHY
If C*(H,D) is finite, then the arithmetic of H and D are related

A first example

e For an additive abelian semigroup C', let d(C') denote the smallest
d € Ny U {oo} with the following property:
For any m € N and ¢,...,¢, € C there exists a subset
J C [1,m] such that |J| < d and

m
E Cj:E Cj.
J=1

jeJ
e Finite semigroups have finite Davenport constants.

e If b€ H, then wy(H,b) <wp(D,b)+d(C*(H,D)).

CLASS SEMIGROUPS HAVE NICE TECHNICAL PROPERTIES

C<H1><H2, D1XD2) :> C(Hl,Dl) X C(HQ,DQ)
e et S C H be saturated.

If both q(H)/q(S) and C*(H, D) are finite,
then C*(S, D) is finite.
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C-monoids

Definition 3.4. H is called a C-monoid if it is a submonoid of a
factorial monoid F' such that H N F* = H* and C*(H, F) is finite.

Main Example 3.5. Let R be a Mori domain with non-trivial
conductor f = (R:R). If C(R) and R/{ are both finite, then R®

1s a C-monoid.

Proof. Let R® = R*x Ry with a reduced Krull monoid Ry. Then
o R* — Fy = I;(fi) = T(%(E))
is a divisor theory. If F' = R* X Fj, then R*® is a C-monoid defined in
F. The main task is to deduce the finiteness of C*(R®, F') from that
of R/f and C(R).
Note, that even in the special case where R is a non-principal order
in an algebraic number field, the class semigroup C*(R®, F') does not

coincide with the Picard group Pic(R) or any other class group. Indeed,
C*(R*, F) is finite but not even a group. ]

PHILOSOPHY

o If H is Krull, then the class group C(H,D) = C(H) mea-
sures the distance between the monoid of principal ideals and the
monoid of ideals of H.

e If H isnot Krull, then the class semigroup C(H, D) measures the
distance between the monoid of principal ideals and the monoid
of ideals of the complete integral closure H.
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COMPARISION WITH FORMER CONCEPTS
KRULL MONOIDS

Proposition 3.6.
1. Let H be a Krull monoid with finite class group. Then H is
a C-monoid.

2. Let H be a C-monoid defined in a factorial monoid F such
that C*(H, F) is a group. Then H is a Krull monoid.

FINITELY GENERATED MONOIDS

Proposition 3.7. Let Hiq be finilely generated.
Then H s a C-monoid if and only if C(H) 1is finite.

FINITELY PRIMARY MONOIDS

Proposition 3.8.
Let H be finitely primary and H = H* X [p1,...,ps|, where s € N
and p1,...,ps are pairwise non-associated prime elements of H.

Then H is a C-monoid defined in H if and only if the following
two conditions are fulfilled:

(a) There exists a subgroup V C H* of finite index such that
V(H\ H*) C H.

(b) There exists some a € N such that, for every j € [1,s] and
a Gp?ﬁ[, we have a € H if and only if pja € H.
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ALGEBRAIC PROPERTIES OF C-MONOIDS

Let F' be a factorial monoid, P a maximal set of pairwise non-
associated primes of F' and H a C-monoid defined in F'.

H is called dense in F' if v,(H) C Ny is a numerical monoid for
all p € P.

Theorem 3.9. Let H be a C-monoid defined in F = F*xF(P)
with subgroup V' and exponent .

1. For p € P, let d, = ged(v,(H)) € Ny,
Py={p?|pe P, d,#0} C F(P) and

Fo={a € F|vya) €d)Ny forall pe P} = F*xF(F) C F.

Then H s a C-monoid defined wn Fy with subgroup V and
exponent o, and H 1s dense in Fy.

H) +# 0 and H is a Krull monoid

), whose exponent divides «.

. H is v-noetherian with (
with finite class group C(

)

REMARK: There are v-noetherian monoids H with
(H:H) # 0 such that C(H) 1is finite, which are not
C-monouds.

This may happen for finitely primary monoids and for one-
dimensional local domains.
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3. If H is dense in F, then the following assertions hold:

(a) H s cofinal in F.

(b) H= q(H)NF, and if {p1,...,pa} C P is an H-essential
subset satisfying {1ty o) = )y | p € P}, then
(p1-... pg)°H C H.

(c) For every q € F'\ F*, we have ¢* € H.

(d) The map O: H— F(P), defined by

(a) = | [ p",
peP

15 a diwnsor theory, and there is an epimorphism
C*(H,F)— C(H).

(e) Let H be defined in another factorial monoid F' such that
H s dense in F'. Then there exists a ®: Fieq — Fl. such
that ®(aF™>) = aF"™ for alla € H.

In particular, if H is dense in F', then Fieq ts uniquely deter-

mined by H (up to isomorphism).

4. [fﬁ] = ﬁXXHO with a reduced Krull monoid Hy, and iof Hy —
F(P) is a divisor theory, then H is a C-monoid defined in
F = H* xF(P), H is dense in Fy, and if H is a Cy-monoid,
then P is finite.
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WHEN IS R* a C-monoid ?

e By the previous result, R
R has to be a Mori domain with non-trivial conductor f = (R:R)

and finite class group C(R).
e If in addition R/f is finite, then R*® is a C-monoid.

e Clearly, a noetherian domain R where R is a finitely generated
R-module, is a Mori domain with non-trivial conductor.

e Let R be a finitely generated Z-algebra.
Then R is noetherian and R is a finitely generated R-module.

AN

If C(R) is finite, then
R/f is finite if and only if C(R) is finite
For examples of this type see Hassler [23].

e [.et R be a one-dimensional local noetherian domain with
non-trivial conductor § and maximal ideal m.

Then the following statements are equivalent:
— R* is a C-monoid.

— R/m is finite or f = m.

The notion of C-monoids has recently be generalized to study a wider
class of Mori domains (see [19]).
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ARITHMETIC PROPERTIES OF C-MONOIDS

Theorem 3.10.

Let H be a C-monoid defined in F = F*xF(P).

1. H s locally tame with finite set of distances A(H) and
finite catenary degree c(H) < 0o.

2. H has finite elasticity iof and only if every minimal H-essential
subset of P s a singleton.
A subset E C P s called H-essential if E = suppp(x) for
some x € H \ F*.

3. There exists a constant M € N having the following property:

For every a € H, each two factorizations z,z" € Z(a) can
be concatenated by an M-chain z = zg, 21, ..., 2k, Zpg1 = 2
such that

either |z| < ...<l|zx| or |z|>...>|z.

4. There exist M € Ny and a (well-defined) finite set A* C A(H)
such that the following holds:
Fvery L € L(H) is an AAMP with difference d € A* and
bound M.

Compare with the Realization Theorem in Section 1.
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A transfer principle

Theorem 3.11. Let F' = F*xF(P) be a factorial monoid and H
a C-monoid defined in F with subgroup V C F*.

Let Pyc{peP|p'HNF=H\H*} beasubset, P={p |
p € P\ By}, and

F=(F*)V)x F(P),
where F(P) is the free monoid with basis P. Let B: F — F be the
unique homomorphism satisfying B(p) = [p|%; for allp € P\ P,

B(p) =1 for all p € Py, and B(e) = eV for all e € F*. Finally,
we define

H=pH) and B=B|H:H— H.
1. H is a Co-monoid defined in F and F* = F>*/V s finite.
2. B is a transfer homomorphism, c(H,B) <2 and
tla,uH*,B) <w(a,u)+1 for alla € H and u € A(H).
3. H is locally tame, and c(H) < oc.

Summary

It is sufficient to prove the arithmetical properties for C-monoids H
which are defined in a factorial monoid F' having only finitely many
pairwise non-associated primes and for which F™ is finite.
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Theorem 3.12.

Let F = F*X|[p1,...,ps] be a factorial monoid with pairwise non-
associated prime elements pi,...,ps, and let H C F be a sub-

monoid such that H N F* = H*. Then the following statements
are equivalent:

(a) H is a C-monoid defined in F.

(b) There exist some o € N and a subgroup V- C F* such that the
following two conditions are satisfied:
(C1) (F*:V)|aandV -(H\H*) C H.
(C2) For all j € |1, 5] and a € p§F we have

a€ H if and only if pja€ H.

Let H be as above, and for a subset () C P let

Hy={z € H|suppp(z) CQ} = (F*xF(Q))NH.
Then we have

e {Hp | Q C P} is the set of all divisor-closed submonoids of H.

In particular, every divisor-closed submonoid of a C-monoid is a
C-monoid.

e [ has only finitely many divisor-closed submonoids
and thus H has only finitely many prime s-ideals.
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The Structure Theorem For Sets of Lengths
Sketch of the Proof

1. THE STATEMENT AGAIN
Thereisan M € N such that for all a € H

thereisa d € A* C A(H) such that

La) = y+(LUL"UL"Y C y+D+dZ
where

e The central part L* is large and nice,
shifted such that min L* = 0

e The initial part L' and the end part L” are universally bounded,
that is L' C [-M,—1] and L" C max L* + [1, M|

Note
o If L(a) C minL(a) + [0,2M], then choose L* = {0}, and the
assertion follows.

e Thus we have to prove something for ”large” sets L(a) arising from
"large” elements a.
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2. A SIMPLE CONSTRUCTION

e Let d =min A(H) and choose ag € H such that d € A(L(a)),
that is
there is some m € N such that {m,m +d} C L(a).

e Clearly, {2m,2m +d,2m + 2d} C L(a) + L(a) C L(a?)
whence for all £ € N there is a z such that
{z,24d,..., 2+ kd} C L(a").

e Let b € H be arbitrary, and let a* € H such that
Li={z,z+d,...,z+kd} C L(a*) with k > d" ! max A(H).
Then

L* =L +L(b) CcLl(a*)+L0b) cLad)=LuUuL*ulL"
Because max A(L(b)) C max A(H) and d = min A(H) = ged A(H),
it follows that L* is an arithmetical progression with difference d.
min(L; + L(b)) — minL(a*b) <? = M
max L(a*b) — max(L; + L(b)) <? = M

e Local tameness gives us the M = t(H,Z(a"))
For every z € Z(a = a*b) and x € Z(a*), there exists some

2" € Z(a)NzZ(H) such that d(z, 2') < M, and then 712" € Z(b).

If |z] = minL(a) and |z| = maxL(a*), then
min L(b) + maxL(a”™) — minL(a)

<la o = e =12 = o] < d(z,2) < M
and therefore

max L(a*) + min L(b) — M < minlL(a).
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3. THE SIMPLEST CLASS OF MONOIDS:
PRIMARY MONOIDS

Suppose that H is v-noetherian and primary:.
Pick an element a* having the properties as before.

Now let a € H be arbitrary: there are two cases:
CASEL: a* {1 a: Then L(a) is small (universally bounded by M)
CASE2 : a* | a: Then a = a*b and L(a) has the required form

4. GENERAL SITUATION:

PROBLEM:

Even if H = H; x Hy, where H, is primary with min A(H;) = d;,
there are elements a = ayas whose set of lengths L(a) is large but a is
not divisible by an element a* = a*(H) as above.

IDEA:

e For every divisor-closed submonoid S pick an element a*(.5)

e For an arbitrary element ¢ € H find a suitable divisor-closed
submonoid S set a = a*(5)b (Ideal theoretic part)

e Study L(a*(S)) + L(b) C L(a) (Additive part)
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4. ADDITIVE PART

Definition 3.13. Let H be atomic and a C H.

1. Let A C Z be a finite non-empty subset and a € H. We say that

L(a) contains the pattern A if there exists some y € Z such
that y + A C L(a). We denote by ®(A) = ¢y (A) the set of all
a € H for which L(a) contains the pattern A.

2. ais called a pattern ideal if a = ®(A) for some finite non-empty
subset A C Z.

3. A subset £ C H is called a tame generating set of a if E C a
and if there exists some N € N with the following property:
For every a € a there exists some e € E/ such that

ela, supl(e) < N and t(a,Z(e)) < N.
In this case we call E' a tame generating set with bound N.

4. a is called tamely generated if a has a tame generating set.
Then we denote by ¢(a) the smallest N € Ny such that a has a
tame generating set with bound V.

The following statements are equivalent :

1. H is locally tame.
2. Every principal ideal of H is tamely generated.
3. Every s-finite s-ideal of H is tamely generated.

In particular, if H,eq is finitely generated, then every s-ideal of H is
tamely generated.



57

THE STRUCTURE THEOREM IN AN ABSTRACT SETTING
Theorem 3.14.

Let H be a BF-monoid with finite non-empty set of distances A(H),
and suppose that all pattern ideals of H are tamely generated.

Then there exists some M € N such that every L € L(H) is an
AAMP with some difference d € A(H) and bound M .

Remark 3.15.

e Suppose that H,.q 1is finitely generated.
Then H is locally tame and every s-ideal is finitely generated.
Thus the Structure Theorem for Sets of Lengths holds for H.

e Suppose that H is a C-monoid defined in a finitely generated
factorial monoid.

[t remains to show that pattern ideals are tamely generated
(ideal theoretic part)

e In general, pattern ideals are not s-finite.

e There are finitely primary monoids H; and Hs such that
H = H,x H, contains ideals which are not tamely generated.
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5. IDEAL THEORETIC PART
Definition 3.16.

1. A subset U C H is called an almost generating set of H if
UNH* = () and if there exists some n € N such that (H\ H*)" C
UH.

We denote by M(U) the smallest n € N with this property, and
if U ={u} we set M(u) = M(U).

2. H is called finitary if H is a BF-monoid and has a finite almost
generating set.

3. Let H be finitary, a C H an s-ideal and U C H a finite almost
generating set.

For u € U, we denote by a(U,u) the set of all elements a € aN
u?H such that [u] is maximal in theset {[v] | v € U, a € v*H}.

Notation: for a subset U C H, [U] is the smallest divisor-closed
submonoid containing U. In particular, if w € H, then [{u}] = [u]
consists of all ¢ € H dividing some power u" of w.

Theorem 3.17.
Let H be finitary and U C H an almost generating set.

1. H=UHU{a € H|maxL(a) < M(U)}.
2. BEvery s-ideal a has the decomposition

a=|JaUu) u(a\UPH).

uel
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Lemma 3.18. The following statements are equivalent:

1. H s finitary and primary.
2. For every a € H\ H* the singleton {a} is an almost
generating set of H.

Definition 3.19. H is a G-monoid if and only if

(1 »#0.

pEs-spec(H)
p7#0

Lemma 3.20.
A domain R is a G-domain if and only if R°® is a G-monoid.

Lemma 3.21. Fvery C-monoid defined in a finitely generated
factorial monoid s a v-noetherian G-monoid.

Theorem 3.22. Let H be a v-noetherian G-monoid.
1. H s finitary and s-spec(H) is finite.
2. If ([g\[/:\f) + (), then H is a Krull monoid, s—spec(ﬁ) is finite
and H.eq 1$ finitely generated.
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Definition 3.23. Let H be finitary and U a finite almost generating
set of H.

1. For u € U, let H, be the set of all a € H without a divisor in
[u] \ 5.
2. Let a C H be an s-ideal. For u € U, we set alU,u] = H, N
~1
(uu]) ~ a(U,w).

3. U is called a full almost generating set of H if there exists
some m € N such that H[U,u] C H\ U™H for all u € U.

4. An s-ideal a C H is called
(a) U-generated if w|u]alU,u] C a forall u e U.

(b) U-tame if there exists some M € N such that for every u € U
and a € a(U, u) there exists a decomposition a = a*b, where

a* € ulu], bealU,u] and t(a,Z(b)) < M.

Lemma 3.24. a is U-generated if and only if

a= (U u [u] a[U,u]) U (a\UZH).

uelU

Theorem 3.25. Let H be locally tame and finitary, U a finite
full almost generating set of H and a C H an s-ideal. Then the
following statements are equivalent:

(a) a s U-generated and U-tame.

(b) There exists some N € N such that, for every v € U and
a € a(U,u), there exists some e € ua[U,u] such that e|a,

e la € [u], maxL(e) < N, t(a,Z(e)) < N, and the set
E = U walU,u] U (a\ UP H)
uel
1s a tame generating set of a.
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Theorem 3.26. Let H be a C-monoid defined in F' = F*xF(P)
for some finite set P.
Then pattern ideals are U-generated and U-tame, and thus they
are tamely generated.

Proof. Since C*(H, D) is finite, it follows that C*(A(H ), D) is finite.
[]
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4. ZERO-SUM SEQUENCES AND ADDITIVE GROUP THEORY

Some notations

Throughout this section, let G be an additive finite abelian group.
If not stated otherwise, we suppose that |G| > 3, in order to exclude
trivial cases.

An s-tuple (eq,...,e,) of elements of G is said to be independent
if e; # 0 for all ¢ € [1, s] and, for every s-tuple (mq, ..., my) € Z°,
S
Z mie; =0 implies mie; =...=mse, = 0.
1=1
An s-tuple (eg,...,es) of elements of G is called a basis if it is

independent and G = (e1) @ ... ® (e;). Furthermore,

exp(G) = lem{ord(g) | g € G} € N
is called the exponent of G, and

(G) = max{r,(G) | p € P}
is called the rank of G.
For n € N, let (), denote a cyclic group with n elements. By the
Fundamental Theorem of Finite Abelian Groups we have
G=Cp®...0C, with 1<n|...|n,,

where r =r(G) and exp(G) =n, =n.
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Results from Additive Group Theory

Definition 4.1.
Let A, B be non-empty subsets of G and ¢ € G.

e A+ B={a+b|la€c Abe B}
denotes the sumset of A and B. Weset g+ A = {g} + A.

e A+ B={a+bla€ Abe B,a+#b}
denotes the restricted sumset of A and B.

olf A={g1,...,q}, then

ZA) ={Y

[ C[1,0] with |T| = k:}

iel
denotes the set of k-term subsums of A. Note that
Yo(A)=A+ A.

o Stab(A) ={z € G|z + A=A}
is called the stabilizer of A. Note that Stab(A) is a subgroup
of G, and A = A + Stab(A).

o r15(9) =[{(a,b) € AXB|g=a+b}|=|AN(g— B)
denotes the number of representations of g
as a sum of an element of A and an element of B.
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Theorem 4.2 (Cauchy-Davenport).
If G=7Z/pZ for some prine p € P, then

|A+ B| > min{p, |A| +|B| — 1}.
Theorem 4.3 (Kneser, 1956).
Let K = Stab(A + B) be the stabilizer of A+ B.
1. There exists a subgroup H C K such that
|A+ B| = |A] +|B| - |H].
2. There exists a subgroup H C K such that
A+ B|>|A+H|+|B+H|— |H]|.
3.]A+ B| > |A+ K|+ |B+ K| —|K]|.
4. Either |A+B| > |A|+|B| or |A+B|=|A+K|+|B+K|—|K|.
Theorem 4.4 (Kemperman-Scherk, 1960).
If K = Stab(A+ B) be the stabilizer of A+ B, then
[A+ B[ > |A] +|B|-
mln{ T (a+K)NA,(b+K)NB (g) | a € A7 b e Ba geca-+ b+ K}
> [Al+ |B| - min{rap(g) | g€ A+ B}.
Corollary 4.5.
If leN and S=S51-...-5 € F(G) is a zero-sumfree sequence,

then
Z(S)| > [E(S)] + ... + XS]

Proof. Exercise: Suppose [ = 2, set A = ¥(S1)U{0}, B = X(5;)U{0}
and use the Theorem of Kemperman-Scherk. ]
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Conjecture 4.6 (Lev, 2005, [29]).
If A and B are finite non-empty subsets of ANY abelian group
G, then

|A+ B| > min{|A+ B| —2,|A| + |B| — 3}.

This conjecture unifies various other conjectures in this area.
In particular, it contains the

Erdos-Heilbronn Conjecture, 1964:
If A and B are non-empty subsets of Z/pZ, for some prine p € P,
then

A+ B| > min{p, |4] + |B - 3}.

This conjecture was open for 30 years till

Theorem 4.7 (Diaz da Silva-Hamidoune, 1994, [5]).
The Erdos-Heilbronn Conjecture holds true, and moreover,
for every k € [1,|A]] we have

S(A)] > min{p, k(|A| - k) + 1}

For a proof see also the book of Nathanson [32].
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Group Algebras

Let R be a commutative ring (by a ring, we always mean a ring with
unit element).

The group algebra R|G] of the group G over the ring R is a free R-
module with basis {X? | ¢ € G} (built with a symbol X), where
multiplication is defined by

(Z ang> (QEZG ng9> -y (Z ahbg_h) X9

geiG geG  hed
We view R as a subset of R[G] by means of a = a X" for all a € R.

We denote by Hom(G, K*) the character group of G with values
in /. The constant character with value 1 is denoted by xo and is
called the trivial character.

Every character x € Hom(G, K*) has a unique extension to a K-
algebra homomorphism x: K[G] — K (again denoted by x) acting

by means of
X(Z ang> = Z agx(9g) -

geG geG

Forn € N let p,(K)={Ce K|{" =1} C K* denote the group
of n-th roots of unity of K. p,(K) is a cyclic subgroup of K*. If
exp(G) = n, then Hom(G, K*) = Hom(G, p,(K)), and K is called
a splitting field of G if |u,(K)|=n.
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Lemma 4.8. If k€ Ny, ¢1,...,9r € G and X C Hom(G, K*)
1s a subset, then there exist ay,...,a; € K™ such that

. - 1
{x € X | x(g:) #a; forall ie€[l,k]}| < |X] H (1_ord(gz~)> _

Proposition 4.9.
Let S =g¢1-...-g; € F(Q) be a sequence, k € [1,1] and ay,...,a; €
K*.

1.If 0¢X(S) and

k
f=1lla—X% =Y ¢XeK[G] with ¢;€K foralgeG,
' geG
then cy # 0, and in particular f # 0.

2. Let K be a splitting field of G and
s =|{x € Hom(G, K*) | x(g:) # a; for all i€ [1,k]}| <l—k.

Then there exist agy1,...,ar1s € K™ such that
k+s

f= H - X%) =0

In particular, 0 € Z(S).
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Idea of Olson and Kruyswijk, 1969, see [12, 15]

Definition 4.10. Let S = g;-...-g; € F(G) be a sequence of length
S| =1 € Nyandlet g € G.

1. For every k € Ny let
NE(S) = ch 1, 1] ‘ S gi=gand |I] =k H
el

denote the number of subsequences T of S having sum o(7T) = ¢
and length |T'| = k.

2. We define
Ny(S) =) NE(S), NJ(S)=) N¥(S) and N,(5)=> NF(3).
k>0 k>0 k>0
Proposition 4.11. Let G be a p-group, S=g¢g1-... g € F(G),
and

l

= H(1 — X)) = ch<S)Xg € )Gl
=1 ged
For every g € G, we have c,(S) = N (S) —N_(S) +pZ € F,.
In particular, if co(S) =0, then 0 € X(9), and if g € G* and
cy(S) # 0, then g € X(S).

Proof. For g € GG, we set
Q, = {]C 11, (] ‘ Zgi:g}.
icl
Then () € Q and

cg(S) =Y ()14 pZ = N/(S) =N, () +pZ€F,.

Hence ¢y(S) = 0 implies 0 € X(.5), and if g € G* is such that ¢,(S) #
0, then g € £(5). O
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The Davenport constant

If (e1,...,¢€,) is a basis of G with ord(e;) = n; for all « € [1, 7], then

S =] € FG)

?
1=1

1s zero-sumiree and hence

r

d"(G) =) (n;—1) <d(G).

i=1
It is easy to check that D(G) < |G| whence we get D(C),) = n.

Theorem 4.12 (Olson and Kruyswijk, 1969).
If G s ap-group or r(G) <2, then d(G)=d*(G).

Theorem 4.13. We have d(G) > d*(G) in each of the foll. cases:
1.G=C,,®C>® Cy, where m,n € N3 are odd and m | n.
2. G =Ci®Cy " where n € N>z is odd and i € [2,4].

Theorem 4.14. Let exp(G) =n >2 and H C G be a subgroup.
e d(G) < (n—1)+nlogld

n "

¢ d(G) ; d(H)exp(G/H)+ max{d(G/H),n(G/H)—exp(G/H)}.

Conjecture 4.15.
L. If r(G)=3 or G=C] withn,r € Ns3, then d(G)=d*(G).
2. If |G| > 1, then D(G) < d*(G) +r(G).

3. Fvery zero-sumfree sequence S € F(G) of length |S| = d(G)
has some element g € supp(S) with ord(g) = exp(G).
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On d(C}): this is connected with covering the non-zero vertices of
the unit-cube in (Z/nZ)" with proper cosets.
Conjecture 4.8.3 could be simple

Generalized Davenport constants

Definition 4.16. Let £ € N. We define
Mi(G) ={B € B(G) | maxL(B) < k},

and we denote by M7 (G) the set of all sequences S € F(G) which
are not divisible by a product of £ non-empty zero-sum subsequences.
We define

D4 (G) = sup{|B] ‘ B e Mi(G)} € NgU {oc}

and

di(G) = sup{|S] | S € Mi(G)} € NyU {0}

Theorem 4.17. Let G be finite, exp(G)=n and k € N.
1. Let H C G be a subgroup such that G = H & C,,. Then
d(H)+kn—1 < diy(G) < (k—1)n+max{d(G),n(G)—n—1}.

In particular, if d(G) =d(H)+n—1 and n(G) < d(G)+n+1,
then di(G) =d(G)+ (kK —1)n.

2. If r(G) <2, then di(G) =d(G)+ (k — 1)n.

3. If G a p-group and D(G) < 2n — 1, then dip(G) = d(G) +
(k — 1)n.

M. Freeze proved that

do(C5) > r+ |logy ] .
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Inverse Problem:

Describe the structure of a minimal zero-sum sequence of length D(G).

Theorem 4.18. Let G be cyclic of order n > 3, S € F(G) a
zero-sumfree sequence of length

S| =
1. For all g € supp(S) we have ord(g) > 3.

n—+1

2. There exists some g € supp(S) with v,(S)
3. There ezists some g € supp(S) with ord(g)
>3

vg(S)>n+5

> 2|S| —n+1.
= n such that

if noisodd, and  v,(95)

of no1s even.

Recent progress (keyword: index of a sequence) due to: Chapman
and Smith [4], P. Yuan [40], S. Savchev and F. Chen (37, 36].

Theorem 4.19. Let G = C,, ® C,, with n > 2.
Then the following statements are equivalent:

(a) If S € F(G), |S|=3n—3and S has no zero-sum subsequence
T of length |T| > n, then there exists some a € G such that
On—lan—Z | S.

(b) If S € F(QG) is zero-sumfree and |S|=2n —2, then a"*|S
for some a € G.

(c) If S € A(G) and |S| =2n—1, then a" 1| S for somea € G.

(d) If S € A(G) and |S| = 2n—1, then there exists a basis (eq, e2)
of G and integers x1,...,x, € [0,n—1] withx1+...+x, =1
mod n such that

—-1
= 61 H r,e1 + 62
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Conjecture 4.20. Let G =C,® C,, with n > 2.
Every S € A(G) satisfies the above conditions.

The Conjecture holds true
e For small values of n (see G. Bhowmik and J.-C. Schlage-Puchta).

o for |supp(S)| = 3 (see G. Lettl and W.A. Schmid, [28])

Moreover, if it holds true for G = C,, @ C), , then it holds true for
G = Oy, @ Oy, (see [13]).

Theorem 4.21. Let G = C, & C,, with n > 2, and S € A(G)
with |S|=2n —1.

1. We have ord(g) = n for every g € supp(S).

2. If m s a prime, then |supp(S)| € [3,n].
Conversely, for every j € [3,n] there is an U; € A(G) with
\U;|=2n—1 and |supp(U;)| € j.

3. If ¢ > 0 and n is a sufficiently large prime (in dependence of
€), then there is some g € supp(S) with multiplicity v,(S) >
pi—e (Gao+Geroldinger+Schmid, Acta Arith. 2007, [16))

The last result is based on the Theorem of Diaz da Silva-Hamidoune.
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The cross number

This invariant was introduced by U. Krause.
Definition 4.22.
LIf S=g,-... g1 € F(G), then

1
k(S) = Z orda, € Qs iscalled the cross number of S.
i=1 !

2.For G=C, @...®C,,, where qi,...,qs are prime powers, we

set )
K(G) =Y q..
:1 7

Note that s = r*(G) is the total rank of G (that is the maximal
number of independent elements).

3. The invariant
K(G) = max{k(S) | S € A(G)}
is called the cross number of G' and
k(G) = max{k(S) | S € F(G) is zero-sumfree }
is called the [little cross number of G.

If ¢ is the smallest prime divisor of n, then an easy argument shows

that | | |
—+ k' < —+k <K < -+ k(G).
LHK(G) < -+ KG) S K(G) < - +KE

Conjecture 4.23. 1 + k*(G) = K(G).

Theorem 4.24. If G is a p-group or r*(G) < 2, then
L4k (G) = K(G).
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The elasticity and its refinements

For k € N we have
pi(G) =sup{sup L | L € L(G), min L < k}
=sup{sup L | L € L(G), k € L}
=sup{sup L | L € L(G), k = min L}.

Exercise 4.25. Let k, [ € N.

1. We have
6= {2 ) - o, L9
k< @) < kol@) = N py(6) = KD(G)

2. k+1< pk(G) + pl(G) < pk+l(G).
3. For all kK € N we have

1 < pory1(G) — kD(G) < {—J :
4. Let m € N with
pPomi1(G) — mD(G) = max{py,1(G) — kD(G) | k € N}.
Then
pom+2i+1(G) = pam+1(G) +iD(G)  for all i€ Ny.
In particular,

2s(G) > {3 D(G) D(G

J implies  pp(G) = V:T)J forall k>2.
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Theorem 4.26 (Chapman, Freeze, Smith).
1. Let G = G| & Gy with subgroups G1, Gy C G such that
d(G) =d(Gy) +d(Gs) and d(Gs) =d(G1) +e  with ¢ € {0,1}

Then DG
pr(G) = { %

2. Let G = H?® with a subgroup H C G and s € N such that
d*(G) =d(G). Then

J forall k>2.

pr(G) = { @J forall k>2.

3. Let G = C] withn, r € Nsg and d*(G) =d(G). Then
3D(G)+2—n
p2x+3(G) > { (G) J

+ kD(G) for all keNy.

4. If G 1is an elementary 2-group or an elementary 3-group,

then
pi(G) = { @J forall k>2.

PROBLEM: Find more groups having the above properties.

Theorem 4.27. For every n > 4 we have

dn — 1

In particular, ps(C,) =n+1 forn € [3,6].

Conjecture 4.28 (Chapman-Smith).
p3(Cy) =n+1 for alln > 3.
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The set of distances and the catenary degree

Theorem 4.29. Suppose that |G| > 3.
1

—1+ZT: [%J e AG) and max{nr, 1+§: L%J} < (@) < D(G).
[Z’l; particular, i
max{exp(G), 1 +r(G)} <¢(G) < |G,

2. ¢(G) = D(G) if and only if G is either cyclic or an elementary
2-group.

3. If G=Co®Cy, with n>2 or G= 05_1@04 with r > 2,
then c(G) =d(G).

4.¢(G) =3 if and only if G € {Cs, Cy ® Cy, C3 ® Cs3}.

Theorem 4.30.
1. A(G) =0 if and only if |G| < 2.
2. We have
(O
1, max{exp(G)—2, k—1}] C A(G) C |1,¢(G)—2] with k= ;L?J :
3. A(G) ={1} if and only if G € {Cs5, C5® Cs3, Cy @ Cs}.
4. If G € {Cs, C30C3, Cy, Cy®Coy, C5, Cy 10y | n >3, r >

2}, then A(G) =[1,¢(G) — 2.
Up to now there is no example with A(G) # [1,¢(G) — 2].
Conjecture 4.31. max A(G) = ¢(G) — 2.
PROBLEM: Study A(C, & C,) !
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Half-factorial and minimal non-half factorial sets

Definition 4.32. A subset Gy C G is called
e half-factorial it A(Gy) =0,
e non-half-factorial if A(Gy) # 0.

o muinimal non-half-factorial if it is non-half-factorial, but every
proper subset is half-factorial.

o weakly half-factorial if k(U) € N for every U € A(Gj \ {0}).
We define

u(G) = sup{|Gy| | Gy is half-factorial }
po(G) = sup{|Go| | Gy is weakly half-factorial }

and
1*(G) = sup{|Go| | Gy is minimal non-half-factorial } .
Proposition 4.33. Let Gy C G be a subset.

1. The following statements are equivalent:
(a) Gy s half-factorial.
(b) k(U) =1 for every U € A(Gy \ {0}).
(c) L(B) ={k(B)} for every B € B(Gy).

In particular, Gy is half-factorial if and only if Gy 15 weakly
half-factorial and K(Gp) < 2.

2. If |Gy| <1, then Gy is half-factorial.

3. W(G) < po(G), and equality holds if K(G) < 2.

4. 1 (G) < p(G), and p*(G) =0 if and only if |G| < 2.
5. If G is finite, then u(G) = |G| if and only if |G| < 2.
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Theorem 4.34 (Radziejewski-Schmid, [34]).
There is an explicit characterization of mazximal weakly half-factorial
sets by character theory. In particular, we have

wo(@ = 3 [ ecdtns,d).

1<d|n, i=1

Corollary 4.35. Let G be cyclic of order n > 2.

1. For a subset Gy C G the following statements are equivalent:

(a) Gy 1s weakly half-factorial.
(b) There exists some gy € G such that
(Go) = {(g0) and Gy C {agy|1<alord(go)}.
2. We have
(@) =[{deN|1<d|n}| = H(vp(n) +1).

peP

3. If r*(G) <2 (that is, if n has at most two distinct prime
divisors), then every weakly half-factorial set is half-factorial,

and p(G) = po(G).

Recent results on u(C;,) can be found in Plagne-Schmid ([33])

Next we define the set A*(G) (as a special subset of A(G))
which appeared in the Structure Theorem for Sets of Lengths.
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Definition 4.36.
A*(G) = {min A(Gy) | Gy C G is a non-half-factorial subset } .

Exercise 4.37. Let |G| > 3.
1.1 e A*(G) C A(G) C [1,D(G) —2].
2. If there exists some g € G with 3 < ord(g) < 0o, then ord(g)—
2 € A*(G).
3. If r(G) >2, then [1,r(G)— 1] C A*(G).
4. There exists a minimal non-half-factorial subset Gy C G with

max A*(G) = min A(GY).

Theorem 4.38. Let exp(G) =n > 3.
L.
max A*(G) < max{exp(G) — 2, min{y*(G) — 2, 2k(G) — 1} }.
2. Suppose that
r(G) > (n—1)+ é(n —1)*(n —2).
Then max A*(G) < r*(G) — 1, and A*(G) = [1,r(G) — 1] f
G is a p-group.
3. If |G| < max{e™?, n?}, then maxA*(G)=n — 2.
4. If G 1s cyclic of order n > 4, then

maxA*(G) =n—2 and max(A*(G)\{n—2}) = LgJ — 1.

1



80

The system of sets of lengths

For d € N and [ € Ny we set
P(d)=dZnN |0, ld] = {0, d, 2d, ..., ld}.

Lemma 4.39.
1. L(C3) = L(Co® Cs) = {y + 2k + Pi(1) | y, k € No}.

2£C4 {y+k+1+Pk ‘y,kENo}
U{y+2k+Pu(2) | y, k € No}.

3. L(CY) ={y+ (k+1)+ P(1) | yeNy, k€[0,2]}
U {y+k‘—|—Pk() |y eNy, k >3}
U{y+2k+ Pu(2) | y, k € No}.

PROBLEM: Write down L(G) for some further small groups !

Exercise 4.40.
LLG)={y+L|yeNy, LeLG\{0})}>{{y} | y €No},
and equality holds if and only if |G| < 2.
2. If Gy C G is a subset, then L(Gy) C L(G).
3. Let G' be an abelian group with |G'| > 3 such that L(G) =
L(G"). Then we have pi(G) = pp(G') for every k € N,
D(G) = D(G), A(G) = A1(G") and max A*(G) = max A*(G').

4. There exist (up to isomorphisms) only finitely many abelian

groups G' such that L(G) = L(G"), and all of them are finite.

PROBLEM: Find further invariants such that 3. holds !



81

Conjecture 4.41. Let GG and G be finite abelian groups with
|G| > |G'| >4 such that L(G)= L(G"). Then G =G

Theorem 4.42. Let G and G’ be finite abelian groups such that
L(G) = L(G"), and suppose that {G,G'} # {C1,Cs} and {G,G'} #
{037 022}

1. If G 1is either cyclic or an elementary 2-group or isomorphic

to Cy® Oy, then G = G,

2. If G is an elementary p-group and G’ an elementary q-group,

then G = (.

The above conjecture is in contrast to the following result,

Theorem 4.43. If S is a zero-sum sequence such that
supp(S) U {0}  is a group,
then c(S) <3 and therefore

L(S) is an arithmetical progression with difference 1.

which is based on
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Definition 4.44.

A sequence S € F(G) is called additively closed with respect to a
pair of subsequences (B, C')
if S = BC and the following condition is satisfied:

If g1, g2 € G and either g1go| B or ¢gigo|C, then g1+ go|S.

Theorem 4.45.

Let S € F(G \ {0}) be a sequence of length |S| > 4 which is
additively closed with respect to a pair of subsequences (B, C') such
that |B| > |C.

Then S has a proper zero-sum subsequence,

apart from the following exceptions:

1. |C| =1, and we are in one of the following cases:
(a) B = ¢ and C = 2g for some k > 3 and g € G with
ord(g) > k + 2.
(b) B = ¢*(29) and C = 3g for some k > 2 and g € G with
ord(g) > k + 5.
(¢) B=g192(91+¢92) and C = g1+ 292 for some g1, g2 € G
with ord(g1) =2 and ord(gy) > 5.

2.{B, C} ={g(99)(10g) , (119)(39)(14g) }
for some g € G with ord(g) = 16.
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